?0. Introduction. The study of reduced coproducts was initally motivated by the observation, made by several authors (see [9] , [11] and [12] for more details and references), that the usual reduced product of finitary relational structures (in the sense of model theory [16] ) can be viewed as a direct limit of Cartesian products. This can now be easily translated into category-theoretic language, and we get the notion of "reduced product in a category". The term "reduced coproduct", then, simply refers to the reduced product in the dual (= opposite) of the category under consideration.
Ideal places to look for examples of reduced coproduct constructions are category dualities (in the sense of [25] ) in which one of the participants is, say, an equational class (= variety) of finitary algebras (the duality theorems of Stone and of Pontryagin and van Kampen being particularly well known). We will be concerned in this paper with reduced coproducts of topological objects which have no additional distinguished structure. (The situation in the category of topological abelian groups is the topic of another report.)
With our viewpoint thus suitably restricted, there are two main lines of inquiry: the first asks how topological properties of a reduced coproduct are conditioned by topological properties of the factors and combinatorial properties of the filter used; the second line seeks to use reduced coproducts as a tool to answer questions of a For the most part in the sequel, we will confine our attention to topological reduced products TaXi in which 9 is an ultrafilter. All spaces are assumed to be Tichonov. The resulting theory is greatly enriched because of the intimate connection with topological ultraproducts (as studied in [6] , [7] , [8] and [10]), as well as with classical model theory (see [12] and [13] ). In particular, >axi is a Wallman-Frink style compactification of the corresponding ultraproduct, as we describe presently.
Let <Xi: i E I> be any family of topological spaces and let 9 be an ultrafilter on I.
The topological ultraproduct H1g1Xi is the space whose points are 9-equivalence classes of functions f E HAXi (i. 
H?g Mi, where Mi is open (closed) in Xi. It is easy to verify that if Xi is an open (closed)
basis for Xi, i E I, then ultraboxes [lgBi, Bi E Xi, generate the ultraproduct topology in the appropriate sense. 1.1. REMARK. The topological ultraproduct 7L-Xi is a quotient of the box product HIXi, not the usual (Tichonov) product [6] . There is no "reasonable" category AV, whose objects are topological spaces, which admits the topological ultraproduct as an &1-ultraproduct.
For a space X, we let F(X) (resp. Z(X), B(X)) denote the lattice of closed (resp. zero-, clopen) subsets of X. When X is Tichonov, Z(X) is a "normal" basis of closed sets (in the sense of 0. Frink [33] ). If <Xi: i E I> is a family and 9 is an ultrafilter, the This last result can be used further to show that the topological ultracoproduct is "almost never" the Stone-Cech compactification of the topological ultraproduct. If X is compact Hausdorff, however, X cannot even be a P-space (= P,,-space) without being finite. But in this case the good news is that there is a continuous left- We will deal with finite dimension; the empty space will have dimension -1. Given a space X, we let Cl(S) = Clx(S) be the closure of S in X. Let n be a natural number. We say "ind(X) < n" if, for each x E X and open U containing x, there is an open V c U containing x such that ind(Fr(V)) (= ind(Cl(V)\V)) < n -1. We say "Ind(X) < n" if in the above definition we can replace the point x with an arbitrary closed set. We say "dim(X) < n" if for any finite open covering 6 PROOF. This is done inductively. What we really need to show is that if <Xi: i E I> is any family of compact Hausdorff spaces such that {i: Ind(Xi) < n} E 9, then Ind(Zg, Xi) < n. (1.7) establishes the assertion for n = 0; so we work on the inductive step, and assume the more general statement true for dimensions < n. Assume Ind(X) < (ii) The inequality in (2.2.3), as well as the corresponding one in (2.2.2 Recall that for any space X, the weight w(X) of X is the least infinite cardinal of a basis for X. If X is infinite Boolean, then it is easily shown [17] that w(X) = IB(X)I. We thus immediately get the fact that if X is an infinite Boolean space and 9 is a regular ultrafilter on I then w(ZgX) = w(X)I1. This actually holds for general infinite X E KH, and we are grateful to K. Kunen for suggesting the proof of this result. , by (2.3.1) , >_9X fails miserably in this regard. A more exotic test is to use (point-) homogeneity. X is a Tichonov power of the Hilbert cube, well known to be homogeneous. Thus X is homogeneous. SE~X, on the other hand, contains a dense set (i.e. WQX) of "Ppoints" (i.e. points lying in the interiors of all intersections of countable families of neighborhoods). This makes A~ X an "almost P-space": every nonempty G6-set has nonempty interior. Since Ad, X, a compact Hausdorff space, is infinite, it cannot be a P-space. Thus it cannot be homogeneous.)
To get better lower bounds on IZ'XI we bring in another well-known combinatorial property of ultrafilters, namely that of "goodness" (see [16] and [17] ). Given an infinite cardinal K, an ultrafilter 9 on I is K-good if, for all A < K, any "monotone" f: PJA() -+ 9 from the finite subsets of A to 9 
(i.e. s c t => f(t) c f(s)) "dominates" a "multiplicative" g: PJ(A) -+ 9 (i.e. g(s) c f(s) for all s E PA(A) and g(s u t) = g(s) rn g(t) holds for s, t E PA(A)). Every countably incomplete ultrafilter is w),-good, and every K-good countably incomplete ultrafilter is A-regular for all
A < K. There exist II I-good countably incomplete ultrafilters on I (in fact exp2(III) of them [17] ) and this is the maximal degree of goodness possible. The major lemma which will be of use to us here is the following. Combining (2.3.7(ii)) and (1.7) , we see that the ultracoproduct construction provides a machine for generating F-spaces which are not basically disconnected.
The following is a well-known result. 2.3.10. LEMMA [33] . Let X E KH be an F-space. Then every countable subset of X is C*-embedded. If X is infinite as well then X contains a countably infinite discrete subset; hence an embedded copy of /l(w). Thus JXI ? exp(c). , (A, a)A-= (B, e(a) a supremum (i.e. B(X) is "separable" [27] ). In [27] it is shown that the class of such Boolean algebras is elementary and admits elimination of quantifiers, by the addition of one predicate which says of an element that it is an atom, and other predicates which say that an element contains n atoms (n = 1, 2,...) . 
